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The problem can bhe reduced to an integral equation determining shear
stresses at a clamped edge. The resulting solution makes it possible to
supplement the results of investigation{1,2,31].

Let us study the stress problem in an elastic quadrant x> 0, y> 0
in the plane of variable z = x + iy under the action of a concentrated
force Q + iP, applied at the point z;, = x, + iy, (zy > 0, yo > 0).

Let us assume that when y = 0 the displacements
v, u are equal to zero, and when x = 0 the ex-
ternal loading are equal to zero (Fig. 1),

For the solution of the problem let us com-
plete the quadrant to form a half-plane x > O,
Let us load symmetrically the new gquadrant
x> 0, y< 0 at the point zg = xy - iy, with a
force Q@ —~ iP, Let us also introduce an addi-

g
tional, temporarily arbitrary loading ¢(x) dis- 2{25,_
tributed along the x-axis. Evidently, under the Pi i

ig. 1,

action of symmetrical loadings Qg+ P, ¢ -~ iP
and g(xz) on the half-plane x > 0 when y = 0,
the displacementv is equal to zero. The loading ¢(x) will be determined
in such a way as to fulfil the condition u = 0 on the x-axis.

Let us study the state of stress of the given half-plane x> 0 with
free edge x = 0 resulting from loadings Q@+ iP, Q0 — iP and ¢(x).

If for the stresses we make use of known representation,

X+ Y, =2[®(z)+ ©(z)]
Y, — X, + 20X, =2[z0 (2) + ¥ (2)] (1
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then for a general case when the force P + iQ is applied at the point
zy = x5 + iyo according to the formulas®* of the paper [5 ] it is possible
to obtain

) Q4P L, 2 \_ Q—iP z,+73
D, (Q + P, z, Zo)——zﬂ(1+z)\z_zo ' z+;0> (T %) (; 1 7,
g —ip [ v 1 z0+;3] - d®, 3y
T 2n (14 Z~zo+z-|-z'0+(z+20)2 TR ( )

Vi (Q+iP, z, 3))

In the case when loadings Q + iP, Q — iP and q¢(x) are acting on the
half-plane, we will obtain

D (z) = @, (Q + iP, 2, 25) + B (Q — iP, z, z5) -\ Dy [q (1), 2, t] dt

OL/'S

o
¥(2) =¥1(Q+iP, 2, 29) + ¥1(Q— P, z, 2) + %‘Fl[’/( t), z, tjdt

Ul

If g(x) is determined from the condition u = 0 when y = 0, then the
formulas (3) and (1) with = > 0, y > 0 will provide the solution of the
problem for the stresses in an elastic quadrant with the assigned bound-
ary conditions,

The condition u = 0 when y = 0, except for a rigid body displacement
and taking into account that solution (3) satisfies the condition v = 0
when y = 0, is equivalent to the condition u, + v = 0. If represent-
ations (1) are made use of, the latter can be expressed as

2O (x) — D(z) — 2D () —F (z) = 0 (4)

Subjecting the functions ®(:) and ¥(z) to be condition (4), we will
obtain a singular integral equation for q(x)

t4-z (24 =)
, 20) + (Q —iP) F (z, z,)

I
8

Ol’q(t) _w 14+%2 |, 4t(z—1) _
2% § dt § [ + ]q(t) dt (5)
F

where

% 2 —2, * 1 % (29 + 2,)

= +

r—2, (x“zo)z-{_x—zo x+zo+ (x+zy)2

F (x, Zo) =

2(29— ) (2o+ 2o) 2 2xz,

!

(x + 2,)° Tz, (24 zo)?

* 1In deducing expression (2), an error was corrected in one of the form-
ulas of paper [5].
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Let us normalize equation (5), assuming

1 ¥ a0 gy _r@ .
—Si-_'_—zdt——ﬁ (6)

With consideration of integrability of function ¢(x), we have the
transformation [ 4 ]
1 ¢ (
r(t)
e =\ [Ea ()
ﬂVzo‘—”

Introducing into equation (5) expressions (6) and (7) and changing the
order of integration while taking into account that

[--]

dt T
§ Vit+a)(t—1 Vz@+u)

io t(z—t)dt xVz

3 Vits—t) @+ 2z 4=@+n)? (z® — 6ty 4 £1%)

we obtain the equation for the function r(x)

® c r(n c tx
ret Tt S<t+ 4=
(1]
= V2@ +im P w+Q—iP) F @ ) ®)

Assuming that t = er, x = ef, r(x) = ¢(§), we can express equation
(8) in the form

Lm q)('r)d-r _c? t_ dt —
$O+ g = & =il

V—[(Q+ iP)F (¢%, 20) +(Q—iP) F (¢, 3,)] 9)

Applying to both sides of the equation (9) the Laplace transform and
using the notation
o
R(p)= S ¢ (B) ™75 dE

—o0
we obtain

x v P40 | 4 v 1P O gg
R(p) [1+-2-1T S + 5 g ]

S 1+ xm "+ ey
= e § UQHIPIF (&, 2) + (Q—iP) F (&, T P R (10)

For the integrals of the left and right sides of the equation we have
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@ [=-]
S e Po e — T S P98 p(p+1) =
6 sinwp 0ys 2 sinw
_wi—}-e innp R (1 4¢€% P
. [ S
e(‘/z"P) 13 dE — wiet™P . —p—1/, , S el/—p) & d& - ( p + ) —p—t/,
S b — Z, cos ©p (eE — 2,)? 2 cosw
— —C
T thmE .ﬂ_ @p+ 1) (2p 4 3) 2P
S ———dE= TQecosm
(eE —zy)3
—o0

Here — 1/2 < Re p < 0. We can now write equation (10) as

R(p>[1_ x 42 P<P+1)]=

2sinmp ® sinzwp

{(Q+iP)F1(p, 2) +(Q — iP) F1(p, 50)} (11)

Zx cosTp

Here .
Fy(p, z0) = %20 P71 — (30— 1,) (P + %) 2P 4 x-zo_p— U (— )P~
— %o+ 7) (p+3) (a0 T 26004 ) (P ) (- a0
-+ 214.;0 (p - —;-) (— ;0)—1)—' )

Introducing zy = Roeia (0< a< 1/2m ), from equation (11) we obtain

2i tgpT (p) ~p—:
R(p)= R (12)
(p) 2usinmp — %2+ 4p(p + 1) °

where

T(p)= 2stm[1vp—a<p+—)]
+Q{_z(,,+—;—)sinasin[np_-a<p+.—_,)]——cos(P+';‘)“+
+2(p+ 1)[ (p—i- )—K]COSMOS(P+%)“+“[2(1’4'_;_)—"]%8(”*'%)“}4'
+p{2(p+-;—)sinasin[np—-a(p+%)]—sin<p+—)a+
+2(p+2) [2(p42)—x]cosasin (p+3) a—x [2(p+5) —x]sin(p +5)a}

Applying inverse transformation,we find that

o+4-ico
v 2mi S 2xsinmp —%xEF4p(p+1) ° erap ( 7 << (13)
g--—-100

Introducing x = ef, r(z) = (&), and referring to equation (7), taking
into consideration that
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© 4P P
_1_& U ogr=—_%
T Jt—=z tg ®p
0
we obtain
lz)—_ 1 c+ico Ro_p_lhxp_l/,T (p) dp
o= S Sxsinnp — e F4p(p+ 1)

a—{owo

It is convenient to introduce s = p + 1/2 as the variable of integra-
tion. Then,as a final result, we will have

y+ico s
— S (s) (—”—) d (o<v<i) 9
g (=)= iz S kst — 2w cosms — (1 + x%) \Ro s T 2)
y—i

where
S (s) = —2Qucos (mr—a)s+ Q {—2ssinasin[rs —a (s + 1)] —cos as -+
4 25 (2s — %) cos @ cos (s + 1) & + % (25 —x) cos as} +
+ P{-—2ssinacos[ns— a(s+ 1)] —sinas +
-+ 25 (25 — x) cos a sin (s + 1) & — % (25 — ») sin as}

While computing integrals,when x < RO. the calculations are taken from
the right, and when x > R, from the left side of the straight line y. In
particular, when x < Ro, we have

Pr
1 x . z \] -
(@) =— (Fxo-) [Rer c.os(e,cln H)—Ikasm((),c 1n7{‘)_| (15)
k
where
S(Sk) 0 0 0<e<11‘)
Q= »r sin ms,, 4 4s), Sk = P 10 (Pk> ’ k=2

and Sk are the roots of equation
452 — 2x cosms — (1 + %) =0 (16)

As equation (16) always has a root for which p < 1, it is possible to
draw the conclusion that when X = 1/2 g(z),a corner of the elastic
quadrant is approached, the stress, in absolute value, keeps increasing
to infinity, while simultaneously changing its sign an infinite number of
times.

If we assume that s = 2A + 1, then equation (16) will coincide with
the equation for determination of order of stress increase in the proxi-
mity of the angle. The latter equation was obtained in paper [11.

The author is grateful to A.Ia. Aleksandrov for numerous valuable
suggestions during this work,
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